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Abstract
We present some results on the existence and multiplicity of solutions for boundary value problems
involving equations of the type −u = f (x,u) + λg(x,u), where  is the Laplacian operator, λ is a real
parameter and f,g :Ω × R → R, Ω ⊂ RN are two Carathéodory functions having no growth conditions
with respect to the second variable. The approach is variational and mainly based on a critical point theorem
by B. Ricceri.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Let Ω ⊂ RN (N  2) be a nonempty bounded open set with boundary ∂Ω of class C1. Let
f,g : Ω × R → R be two Carathéodory functions. In this paper we study the existence of solu-
tions for the following Dirichlet problem{−u = g(x,u)+ λf (x,u) in Ω,
u = 0 on ∂Ω, (Pλ)
where λ is a real parameter. Very recently, in [2] the author has established the following exis-
tence result of nonzero nonnegative strong solutions for problem (Pλ):
Theorem A. Let s ∈ ]1,2[, q > N2 and a > 0. Let us suppose that
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(ii) f (x,0) = 0 for almost all x ∈ Ω ;
(iii) |g(x, t)| ats−1 for all t  0 and almost all x ∈ Ω ;
(iv) there exists a nonempty open set D ⊆ Ω such that
lim inf
ξ→0+
infx∈D
∫ ξ
0 g(x, t) dt
ξ2
= +∞.
Then, there exist σ,λ > 0 such that, for every λ ∈ [−λ,λ], there exists a strong nonzero nonneg-
ative solution uλ ∈ W 1,20 (Ω)∩W 2,q(Ω) of problem (Pλ) with ‖uλ‖W 2,q (Ω)  σ .
The main feature of the above result is that no growth condition is required on the nonlinear-
ity f . The aim of this paper is to establish an analogous result like Theorem A where f satisfies
an even weaker than (i) summability condition, while on the nonlinearity g no growth condition
is required. Indeed, the key assumption on g is that the function ess supx∈Ω g(x, ·) is negative in
some nondegenerate interval in R+.
2. Preliminaries
In this section we explain the motivations which lead to our main result and give some pre-
liminary definitions and lemmas.
As usual, if h :Ω ×R → R is a Carathéodory function, by a weak solution of the problem{−u = h(x,u) in Ω,
u = 0 on ∂Ω, (P )
we mean a function u ∈ W 1,20 (Ω) which satisfies the equation∫
Ω
∇u(x)∇v(x) dx −
∫
Ω
h
(
x,u(x)
)
v(x) dx = 0
for all v ∈ W 1,20 (Ω).
Moreover, we recall that a strong solution of problem (Pλ) is a function u ∈ W 2,1(Ω) ∩
W
1,2
0 (Ω) which satisfies the equation
−u = h(x,u(x))
almost everywhere in Ω .
From the definition, the weak solutions of problem (Pλ) are exactly the critical points of the
energy functional defined by
u ∈ W 1,20 (Ω) →
∫
Ω
(
1
2
∣∣∇u(x)∣∣2 −
u(x)∫
0
h(x, t) dt
)
dx, (1)
where
‖u‖ =
(∫
Ω
∣∣∇u(x)∣∣2 dx)1/2
is the usual norm in W 1,2(Ω).0
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(a) supt∈R |h(·, t)| ∈ Lq(Ω) for some q > 2NN+2
the energy functional (1) is well defined, Gâteaux differentiable, sequentially weakly lower semi-
continuous and (strongly) continuous. Moreover, we also have
lim‖u‖→+∞
∫
Ω
(
1
2
∣∣∇u(x)∣∣2 −
u(x)∫
0
h(x, t) dt
)
dx = +∞.
Consequently, the energy functional attains its global minimum in a point u0 ∈ W 1,20 (Ω) which,
of course, turns out to be a critical point as well. Thus, we have
Lemma 1. Assume h satisfying condition (a). Then, problem (P ) admits a weak solution u ∈
W
1,2
0 (Ω). Moreover, if q > N2 , u is actually a strong solution belonging to W 2,q (Ω) (and, in
particular, to C0(Ω)).
Proof. We only have to show that, if q > N2 , then every weak solution is a strong solution and
belongs to W 2,q (Ω). But this fact comes out from Theorem 8.2′ of [1]. 
Let us now consider the further conditions below
(a+) there exists c+  0 such that sup0tc+ |h(·, t)| ∈ Lq(Ω) for some q > N2 ;
(b+) there exists t+  0 such that ess supx∈Ω h(x, t) 0 for all t  t+;
(b−) there exists t−  0 such that ess supx∈Ω h(x, t) 0 for all t  t−.
We have the following standard lemma which comes out by a simple application of the Max-
imum Principle:
Lemma 2. Assume h satisfying condition (b+) (respectively (b−)). Moreover, let u0 be a con-
tinuous weak solution of problem (P ). Then, u0(x) ∈ ]−∞, t+] (respectively u0(x) ∈ [t−,+∞[)
for all x ∈ Ω .
Proof. We prove only the case t+  0 and h(x, t) 0 for all t  t+. The proof of the other case is
analogous. Put A = {x ∈ Ω: u0(x) > t+} and suppose A = ∅. Then, −u(x) = h(x,u0(x)) 0
for almost all x ∈ A and u0(x) = t+ for all x ∈ ∂A. By the Maximum Principle we get u0(x) t+
for all x ∈ A which is absurd. Hence, A = ∅. 
Lemmas 1 and 2 can be used to get the following existence result of nonnegative solution for
problem (P ) (notice that N2  2NN+2 if N  2).
Lemma 3. Assume h satisfying (b−) with t− = 0, conditions (b+) and (a+) with c+ = t+. Then,
problem (P ) has a strong solution u0 ∈ W 2,q (Ω) satisfying 0 u0(x) t+ for all x ∈ Ω .
Proof. Consider the function h0 defined by h0(x, t) = h(x,0) if t  0, h0(x, t) = h(x, t) if
0  t  t+ and h0(x, t) = h(x, t+) if t  t+. Then, h0 satisfies condition (a), condition (b−)
with t− = 0 and condition (b+). Consequently, conclusion follows by Lemmas 1 and 2. 
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t− = 0. Moreover, suppose that the function g satisfies (b+) in a strict sense, namely with t+ > 0
and ess supx∈Ω supt∈[t+,t++δ] g(x, t) < 0 for some δ > 0, and c+ = t++δ. From what above seen,
a natural question could be to find suitable conditions on f in order that problem (Pλ) admits a
nonnegative strong solution uλ satisfying 0 u0(x) t+ in Ω at least for λ small enough. The
most simple way is, of course, to require that f (·, t+) ∈ L∞(Ω). Indeed, in this case one can
apply Lemma 3 choosing
|λ|− ess supx∈Ω g(x, t+)
ess supx∈Ω f (x, t+)
.
Clearly, when f (·, t+) /∈ L∞(Ω), Lemma 3 is not applicable and the question becomes more
delicate.
Using a variational approach and, in particular, as in [2], an abstract variational result due
to B. Ricceri [11, Theorem 2.1], we will prove that to guarantee the existence of a strong non-
negative solution for problem (Pλ), with λ small enough, condition f (·, t+) ∈ L∞(Ω) can be
completely removed.
Other results related to problem (Pλ) can be found in [3,4,6–10] and their references. In
particular, we would like to point out the interesting paper [6] where the authors, assuming f,g
continuous on Ω × R, are able to find, for all k ∈ N, at least k-weak solutions for all λ small
enough, with g odd with respect to the second variable and satisfying an Ambrosetti–Rabinovitz
type growth condition, and without other assumptions on f besides the continuity.
We close this section setting some notations we will use later:
m(A) denotes the Lebesgue measure of a measurable set A ⊆ RN ;
for ε > 0, Cε = {x ∈ X: infy∈C ‖x−y‖ ε} denotes the ε-dilatation of a set C in a normed space
(X,‖ ·‖); for p > 1, ‖ ·‖p = (
∫
Ω
| · |p)1/p denotes the standard norm in the space Lp(Ω) and, for
m ∈ N, ‖ · ‖m,p = (∑0|α|m ‖Dα(·)‖pp)1/p denotes the standard norm of the space Wm,p(Ω).
3. The results
We start with the following abstract lemma:
Lemma 4. Let X be a real Hilbert space. Let J :X → R be a real sequentially weakly continuous
functional satisfying
lim sup
‖x‖→+∞
J (x)
‖x‖2  0. (2)
Moreover, put Ψ (x) = 12‖x‖2 −J (x) for all x ∈ X and denote by K the set of all global minimum
of Ψ . Finally, let ε > 0. Then, one has
(α) K is nonempty and compact;
(β) Kε is weakly compact;
(γ ) inf∂Kε Ψ > infX Ψ .
Proof. (α) From (2), one has that Ψ is coercive. Then, being Ψ sequentially weakly lower
semicontinuous, it follows that K is nonempty and bounded. Now, let {xn} be a sequence in K .
Since K is bounded, we can suppose {xn} weakly converging to some x∗. Clearly,
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n→+∞Ψ (xn) = infX Ψ
and so x∗ ∈ K . Whence, for all n ∈ N, we have
1
2
‖x∗‖2 − 1
2
‖xn‖2 = J (x∗)− J (xn).
So, being J sequentially weakly continuous, it follows
‖x∗‖ = lim
n→+∞‖xn‖.
Then we deduce that {xn} converges to x∗ in the norm-topology. So that K is compact.
(β) By Eberlein–Smulian theorem, it is equivalent to show that Kε is sequentially weakly
compact. Let {xn} be a sequence in Kε . Since Kε is bounded, we can suppose {xn} weakly con-
verging to some x1. From (α) we know that K is compact. Therefore, for all n ∈ N, there exists
yn ∈ K such that ‖xn − yn‖ ε. Moreover, we can extract a subsequence from {yn} converging
to some y1 ∈ K in the norm-topology. Consequently,
‖x1 − y1‖ lim inf
n→+∞‖xn − yn‖ ε.
It follows x1 ∈ Kε and so Kε is weakly compact.
(γ ) Arguing by absurd, let us suppose that inf∂Kε Ψ = infX Ψ . Then, we can find a sequence
{xn} in ∂Kε such that
lim
n→+∞Ψ (xn) = infX Ψ.
For all n ∈ N, choose yn ∈ K such that ‖xn −yn‖ = ε. Now, by (α) and (β), up to a subsequence,
we can suppose {xn} weakly converging to some x0 ∈ Kε and {yn} converging to some y0 ∈ K
in the norm-topology. This, in particular, implies
lim
n→+∞〈xn, yn〉 = 〈x0, y0〉, (3)
where 〈·,·〉 is the inner product of X, and
Ψ (x0) lim
n→+∞Ψ (xn) = infX Ψ.
This latter clearly implies x0 ∈ K . Moreover, we have
Ψ (xn) = 12‖xn − yn‖
2 − 1
2
‖yn‖2 + 〈xn, yn〉 − J (xn)
= 1
2
ε2 − 1
2
‖yn‖2 + 〈xn, yn〉 − J (xn)
from which, taking (3) into account,
inf
X
Ψ = lim
n→+∞Ψ (xn) =
1
2
ε2 − 1
2
‖y0‖2+ < x0, y0 > −J (x0)
= 1
2
ε2 − 1
2
‖x0 − y0‖2 + 12‖x0‖
2 − J (x0) = 12ε
2 − 1
2
‖x0 − y0‖2 + inf
X
Ψ.
Consequently, ‖x0 − y0‖ = ε. From this we infer that {xn} converges to x0 in the norm topology.
So, in particular, we should have x0 ∈ Kε which is absurd. 
We can now state and prove the main result.
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nonempty open set. Let f,g :Ω ×R → R be two Carathéodory functions satisfying the following
conditions:
(i) g(x,0)+ λf (x,0) 0 for almost all x ∈ Ω and all λ ∈ [−λ0, λ0];
(ii) ess supx∈Ω supt∈[t1,t2] g(x, t) < 0;
(iii) supt∈[0,t2](|g(·, t)| + |f (·, t)|) ∈ Lq(Ω);
(iv) lim infξ→0+ ess infx∈D
∫
Ω(
∫ ξ
0 g(x,t) dt) dx
ξ2
= +∞.
Then, there exist λ,σ > 0 such that, for all λ ∈ [−λ,λ] there exists a strong nonzero solution uλ ∈
W
1,2
0 (Ω)∩W 2,q (Ω) of problem (Pλ) satisfying 0 uλ(x) t2 for all x ∈ Ω , with ‖uλ‖2,q  σ .
Proof. From condition (ii), we have
g(x, t) 0 for all t ∈ [t1, t2] and almost all x ∈ Ω. (4)
Let g0, f0 :Ω ×R → R defined as follows
g0(x, t) =
{
g(x,0) if (x, t) ∈ Ω × ]−∞,0[,
g(x, t) if (x, t) ∈ Ω × [0, t2[,
g(x, t2) if (x, t) ∈ Ω × [t2,+∞[,
f0(x, t) =
{
f (x,0) if (x, t) ∈ Ω × ]−∞,0[,
f (x, t) if (x, t) ∈ Ω × [0, t2[,
f (x, t2) if (x, t) ∈ Ω × [t2,+∞[.
Clearly, f0, g0 turn out to be Carathéodory functions.
Now, put
Φ(u) =
∫
Ω
( u(x)∫
0
f0(x, t) dt
)
dx,
J (u) =
∫
Ω
( u(x)∫
0
g0(x, t) dt
)
dx,
and
Ψ (u) = 1
2
‖u‖2 − J (u)
for all u ∈ W 1,20 (Ω). Notice that, by (iii), Ψ , Φ and J are well defined. By standard results, the
functionals J,Φ are sequentially weakly continuous, (strongly) continuous and Gâteaux differ-
entiable on W 1,20 (Ω). Moreover, observe that
lim‖u‖→+∞
J (u)
‖u‖2 = 0.
Thus, by Lemma 1, the set K of all global minimum of Ψ is nonempty and compact. Now,
choose a nonzero nonnegative function v ∈ C∞0 (B) where B is a closed ball contained in D.
Fixed M > ‖v‖
2∫ 2 , by condition (iv), we find ξ > 0 such that, for all ξ ∈ ]0, ξ ] one has2 Ω v(x) dx
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x∈D
ξ∫
0
g0(x, t) dt >Mξ
2. (5)
Choose ε > 0 such that ε supΩ v < ξ and put uε = εv. Then, we obtain
Ψ (uε) = ε
2
2
‖v‖2 −
∫
Ω
( εv(x)∫
0
g0(x, t) dt
)
dx
 ε2
(
1
2
‖v‖2 −M
∫
Ω
v(x)2 dx
)
< 0.
This entails
inf
W
1,2
0 (Ω)
Ψ < 0.
Consequently, the zero-function does not belong to K . Let us consider now a decreasing se-
quence εk of positive real numbers converging to zero and such that the zero-function does not
belong to Kεk for all k ∈ N. Fix k ∈ N. By Lemma 1 we have
inf
∂Kεk
Ψ > inf
W
1,2
0 (Ω)
Ψ = inf
Kεk
Ψ. (6)
Choose
rk ∈
]
inf
W
1,2
0 (Ω)
Ψ, inf
∂Kεk
Ψ
[
.
Applying Theorem 2.1 of [11] to the restriction to Kεk of the functionals Ψ and Φ we can find
λk ∈ ]0, λ0[ such that, for all λ ∈ [0, λk], there exists uλ,k ∈ Kεk ∩Ψ−1(]−∞, rk]) such that
Ψ (uλ,k)+ λΦ(uλ,k) = inf
u∈Kεk∩Ψ−1(]−∞,rk[)
(
Ψ (u)+ λΦ(u)).
Without loss of generality, we can suppose limk→+∞ λk = 0. Taking (6) and the choice of rk
into account, uλ,k belongs to the interior of Kεk and so it turns out to be a local minimum for the
functional Ψ + λΦ . Therefore, uλ,k is a critical point for the this latter functional and thus it is a
weak solution for problem (Pλ). Observing that∣∣g0(x,uλ,k(x))+ λf0(x,uλ,k(x))∣∣ sup
0tt2
(∣∣g0(x, t)∣∣+ λ0∣∣f0(x, t)∣∣)
for a.a. x ∈ Ω and all λ ∈ ]0, λk], it follows, from condition (iii), that
g0
(·, uλ,k(·))+ λf0(·, uλ,k(·)) ∈ Lq(Ω).
Consequently, by Theorem 8.2′ of [1], we have that uλ ∈ W 2,q(Ω) and in particular uλ ∈ C0(Ω).
Moreover, using Lemma 2 and taking (i) into account, one has uλ,k(x) 0 for all x ∈ Ω . Now,
we claim that the following assertion
(A) there exists k0 ∈ N such that maxx∈Ω uλ,k0(x) < t2 for all λ ∈ [0, λk0]
holds.
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max
Ω
uk  t2, (7)
where uk = uλ˜k,k . Let vk ∈ K such that
‖uk − vk‖ εk. (8)
Being K compact, up to a subsequence, we have that vk strongly converges in W 1,20 (Ω) to a
function v ∈ K . Consequently, by (8), uk strongly converges to v as well. In particular (up to a
subsequence again), we can also suppose uk → v a.e. in Ω . Thus, since∣∣g0(x,uk(x))− g0(x, v(x))∣∣ 2 sup
0tt2
∣∣g(x, t)∣∣
for all k ∈ N and a.a. x ∈ Ω , by condition (iii) and the dominated convergence theorem, we infer
that
lim
k→+∞
∥∥g(·, uk(·))− g(·, v(·))∥∥q = 0. (9)
Now, observe that the function uk − v turns out to be a weak solution of the following problem{−u = g0(x,uk)− g0(x, v)+ λkf0(x,uk) in Ω,
u = 0 on ∂Ω.
Consequently, from Theorem 8.16 of [5], there exists a constant C0 depending only on N,q,Ω
such that
max
Ω
|uk − v|C0
∥∥g(·, uk(·))− g(·, v(·))∥∥q + λk
∥∥∥ sup
0tt2
∣∣f (·, t)∣∣∥∥∥
q
for all k ∈ N. Therefore, recalling that λk → 0 and using (9), it follows that uk → v uniformly
in Ω . From this and (7) we infer that
max
x∈Ω
v(x) t2.
But, since v turns out to be a (continuous) weak solution of the problem{−u = g0(x,u) in Ω,
u = 0 on ∂Ω,
in view of (4) and Lemma 2, it should be
max
x∈Ω
v(x) t1 < t2,
which is absurd. Therefore, assertion (A) holds. So, for all λ ∈ [0, λk0 ], the function uλ = uλ,k0 is
a (continuous) nonzero weak solution of problem (Pλ) satisfying 0 uλ(x) t2 for all x ∈ Ω .
Repeating the same proof carried out so far replacing the function f with the function −f , we
can also find λ ∈ ]0, λk0 ] such that, for all λ ∈ [−λ,0], problem (Pλ) admits a nonzero weak
solution uλ satisfying 0 uλ(x) t2 for all x ∈ Ω .
To conclude the proof, we observe that by Theorem 8.2′ of [1], uλ is actually a strong solution
of (Pλ) for all λ ∈ [−λ,λ]. Moreover, by the same result, there exists a constant C1 such that
‖uλ‖2,q C1
(∥∥g(·, uλ(·))+ λf (·, uλ(·))∥∥ + ‖uλ‖q).q
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sup
λ∈[−λ,λ]
‖uλ‖2,q  σ
for some constant σ > 0. 
The example below is an application of Theorem 1. Notice that it is not deducible by Lemma 3.
Example. Let Ω the unit ball of RN . Let α ∈ ]0,2[ and q ∈ ]N2 , Nα [. Then there exist λ,σ > 0
such that, for all λ ∈ [−λ,λ], the problem{
−u = u(1 − u)+ λ eu
(1−|x|)α in Ω,
u = 0 on ∂Ω,
admits a strong solution uλ ∈ W 2,q(Ω) satisfying 0 uλ(x) 1 for all x ∈ Ω and ‖uλ‖2,q  σ .
For sake of completeness, we also give the following two straightforward consequences of
Theorem 1.
Theorem 2. Let q,λ0, t1, t2 be four positive constants with t2 > t1 and q > N2 . Let D ⊆ Ω be a
nonempty open set. Let f,g :Ω ×R → R be two Carathéodory functions satisfying the following
conditions:
(i) g(x,0)+ λf (x,0) 0 for almost all x ∈ Ω and all λ ∈ [−λ0, λ0];
(ii) ess infx∈ inft∈[−t2,−t1] g(x, t) > 0;
(iii) supt∈[−t2,0](|g(·, t)| + |f (·, t)|) ∈ Lq(Ω);
(iv) lim infξ→0− ess infx∈D
∫
Ω(
∫ ξ
0 g(x,t) dt) dx
ξ2
= +∞.
Then, there exist λ,σ > 0 such that, for all λ ∈ [−λ,λ] there exists a strong nonzero solution
uλ ∈ W 1,20 (Ω) ∩ W 2,q (Ω) of problem (Pλ) satisfying −t2  uλ(x)  0 for all x ∈ Ω , with‖uλ‖2,q  σ .
Proof. Apply Theorem 1 to the functions −g(x,−t) −f (x,−t). Then, there exist σ,λ > 0 such
that, for every λ ∈ [−λ,λ], there exists a nonzero nonnegative strong solution vλ ∈ W 1,20 (Ω) ∩
W 2,q(Ω) of the problem{−u = −g(x,−u)− λf (x,−u) in Ω,
u = 0 in ∂Ω,
with ‖uλ‖2,q  σ . Thus, conclusion follows by taking uλ = −vλ. 
Theorem 3. Let q,λ0, t1, t2, t˜1, t˜2 be six positive constants with t2 > t1, t˜2 > t˜1 and q > N2 . Let
D ⊆ Ω be a nonempty open set. Let f,g :Ω ×R → R be two Carathéodory functions satisfying
the following conditions:
(i) g(x,0)+ λf (x,0) = 0 for almost all x ∈ Ω and all λ ∈ [−λ0, λ0];
(ii) ess infx∈ inft∈[−t˜2,−t˜1] g(x, t) > 0;
1178 G. Anello / J. Math. Anal. Appl. 330 (2007) 1169–1178(iii) ess supx∈ supt∈[t1,t2] g(x, t) < 0;
(iv) supt∈[−t˜2,t2](|g(·, t)| + |f (·, t)|) ∈ Lq(Ω);
(v) lim infξ→0 ess infx∈D
∫
Ω(
∫ ξ
0 g(x,t) dt) dx
ξ2
= +∞.
Then, there exist λ,σ > 0 such that, for all λ ∈ [−λ,λ] there exist two strong nonzero solutions
uλ, vλ ∈ W 1,20 (Ω) ∩ W 2,q (Ω) of problem (Pλ) satisfying 0  uλ(x)  t2 and −t˜2  vλ(x)  0for all x ∈ Ω , with ‖uλ‖2,q + ‖vλ‖2,q  σ .
Proof. Conclusion follows applying both Theorems 1 and 2. 
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